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Sharp bounds are found on the maximal number of sizes of cliques in a graph 
on n vertices. 

Let G ( n )  be a graph on n vertices. A nonempty  set S o f  vertices o f  G forms a 

complete graph if each vertex o f  S is joined to every other  vertex o f  S. A complete 

subgraph of  G is called a clique if it is maximal  i.e., if it is not  contained in any 

any other  complete subgraph of  G. 

Denote  by g ( n )  the maximum number  o f  different sizes o f  cliques that  can occur 

in a graph of  n vertices. M o o n  and Moser [2] and P. Erd6s [1] have obtained 

surprisingly sharp estimates for g ( n ) .  They showed ( throughout  this paper all 

logs are to the base 2) 

n - log n - H ( n )  - 0(1) < g ( n )  - log n 

where H ( n )  is the minimal t such that  the t-times iterated logari thm of  n is less 

than 2. Erd6s then asked if 

lim ( g ( n )  - (n  - logn))  = ~ .  
t l  --4 ~3 

In  this note we answer this question negatively. We show that  for  N sufficiently 

large ( >  33000 will do) 

g ( N )  > N - log N - 4. 

We first give a construct ion for a specific value o f  N. Let n sufficiently large 

(n > 15 will do) be given. Define n o = n, n l - - the  minimal integer so that  2 " ' +  n ~ - 2  

>= h i _ l ,  s ---- minimal integer such that  ns = 2. Set A = [ ] ~ = l ( 2 " ' +  n i - 1 ) ] + l  

and r = [ n / 2 ] .  Our points are yl , . . - ,  Y,, Y*, disjoint sets Ci, 1 _< i _< n with 
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Icil = 2 i-x + 1, a set C* with I c . l - -  A, and a point  z .  Note  that  as A ,-, n ,  

N ~ 2" + 3 n. Clearly, for  n sufficiently large, r + nl + ... + ns + 1 < n. For  

convenience we shall also label the points Yr + 1, "", Yr +,1 +... +,, + ~ as wij, 1 <- i <_ s,  

1 < j < n i, and ws+ 1,1. We label the points o f  C* as vii k where 1 < i _< s, 1 __< j < ns, 

1 -< k _< 2 J-1 + 1, and the point  v~+a,a. 1 . N o w  for  the edges. Make  {Yl,'",Yn,Y*} 

complete.  Also make L.J~"= 1 c ,  • c .  complete.  I f  x e C, join x to y* and all yj  , j  ~ i. 

I f  Yi is no t  a wjk connect  it to C*. Do  not  connect  y* with any elements o f  C*.  

Connect  wi~ and VVj'k if and only if  i = i '  and j ¢ j ' .  Finally, connect  z to the wij 

a n d  Vijko 

Let B = 2" + n - 1 + A .  We claim that  this graph contains cliques o f  all sizes d, 

3 -< d -< B .  For  d = B ,  U ~ a C i W  C* is the desired clique. N o w  say d = B - a ,  
- -  . = 2 a t - 1 .  0 < ~ < A  1 Take the binary expansion ~ •k=a Then 

{yal,.. . ,y,, , ,)U C*t..) [...J Cj 
j~a~ 

is a clique with d elements. (Since r > log A no y~, is a w and therefore the y~, 

are all connected to C*. Completeness easily follows. As yj  and Cj are not  connected 

no other  y i  or  Cj can be added, y* cannot  be added as it is not  connected to C*.  

z cannot  be added as either y~ or  C a is in the set, neither of  which are connected 

to z.) N o w  say d = B - (A - 1) - ~, 0 < ~ < 2 " -  1. Again take the binary 
k a i -  1 expansion ~ = ~ = a  2 . Then 

{Y*, Yal,'"' Yak} k3 U C j 
j~a~ 

is a clique with d elements. N o w  say 3 < d < n .  By the construct ion o f  the n i 

we f ind i ,  n ~ < d - l < 2 " ' + n  t - 1 .  We find the binary expansion 2"'  + nl 

- 1 - ( d - I ) =  Ei=12bJ.  Then 

{z, Wib,,'", Wio,} U {Vij k : j -¢ bq for  1 < q < t} 

is a clique with d elements. (Here the completeness is straightforward. As d - 1 

satisfies strict inequalities there is at least one w and one v in the set. I f  a point  

could be added then, since it would be connected to z, it would be o f  the form 

wi,~, or  Vi,j,k,. As some w is in the set, any v to be added must  have i = i ' .  As 

some v is in the set, any w to be added must  have i = i ' .  I f  w~j is not  in the set 

then vii k is for k = 1 and so wij cannot  be added. Similarly, no vii k can be added.) 

Finally, {z, w~+ 1, t ,  v,+ 1,1,1} is a 3-clique. 

Let  f ( n )  be the number  o f  elements in this graph. We have shown that  for  
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N = f ( n ) ,  g(N) > N - - { l o g N } - 3 .  Now say that f ( n )  < N < 2 " + 2 r - 2 . A d d  

N - f ( n )  points to C*. These points are connected to each other and all points 

except y* and z. Set A = the new I C*[, B = 2" + n - -  1 + A. This graph has 

cliques of  all sizes d, 3 _< d < B, the proof  reading as before. So, for these N, 

g(N) > N -  {log N} - 3. 

Now say 

2" + 2 r-z  < N < f ( n  + 1) < f ( n )  + 2 " +  5n. 

Set n o = n + 1, adjust n~ accordingly, and construct the graph as before. It  will 

have f l (n )  points where 0 < fx(n) - f ( n )  < n (in fact, is very small). Add 10n 

points to C*, connected to each other and all points except y* and z. Add a point 

Y,+I and a set C,+x with N - f x ( n )  - 10n - 1 < 2" points. Extend the definitions 

of  edges for y~ and Ci to n + 1. Set A = I c* l ,  B = [ ~_J c ,  u c * ] .  This graph 

has cliques of  all sizes d, 3 < d _< B. For  d = B -  ~, 0 < ~ < A -  1 the proof  

is the same. F o r d = B - ( A - 1 ) - c ~ , 0 < ~ < 2 " - l i t i s t h e s a m e .  F o r d = B  

(A-a) -  Ic°+11- 2"-1 we take 

k 
~ =  ~ ] 2  a ` - I  

i=1 

and 

{Y*,Yal, "'''YQk ,Y,+I} U U Cs 
j~ at 

j -~n+l 

is the clique with d elements. For  3 < d _< n + 1 the proof  is as before. Thus 

g(U) _~ N - {log N} - 4. 
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