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ABSTRACT

Sharp bounds are found on the maximal number of sizes of cliques in a graph
on n vertices.

Let G(n) be a graph on r vertices. A nonempty set S of vertices of G forms a
complete graph if ecach vertex of S is joined to every other vertex of S. A complete
subgraph of G is called a clique if it is maximal i.e., if it is not contained in any
any other complete subgraph of G.

Denote by g(n) the maximum number of different sizes of cliques that can occur
in a graph of n vertices. Moon and Moser [2] and P. Erdds [1] have obtained
surprisingly sharp estimates for g(n). They showed (throughout this paper all
logs are to the base 2)

n—1logn— Hm —0(1) < gn)—log n
where H(n) is the minimal ¢ such that the t-times iterated logarithm of n is less
than 2. Erdds then asked if
lim (g(n) — (n — logn)) = .

n=r o

In this note we answer this question negatively. We show that for N sufficiently
large (> 33000 will do)

g(N) 2z N —logN — 4,

We first give a construction for a specific value of N. Let n sufficiently large
(n215 will do) be given. Define n,=n, n;=the minimal integer so that 2" +n,—2
= n;_;, s = minimal integer such that n,=2. Set A=[X ., (2" +n;—1)]+1
and r = [n/2]. Our points are y(,--, y,, y* disjoint sets C;, 1 £i < n with

Received August 12, 1970 and in revised form November 26, 1970
419



420 J. H. SPENCER Israel J. Math.,

IC,-I =271 4+ 1, a set C* with IC*] = A, and a point z, Note that as 4 ~ n,
N ~ 2" + 3 n. Clearly, for n sufficiently large, r + n; + --- + n, + 1 < n. For
convenience we shall also label the points y,,1,, Vosp 4etn 4188 W L S i s,
1 =j < n;,and wyy; ;. Welabel the points of C* as v;;, where 1<i < 5,1 £ j<n,
1 £ k<271 4 1, and the point v, ; ; . Now for the edges. Make {y,, *,y, y*}
complete. Also make U{; 1 C;U C* complete. If x € C; join x to y* and all y;, j#i.
If y; is not a wj, connect it to C*. Do not connect y* with any elements of C*.
Connect w;; and v, if and only if i = i" and j # j’. Finally, connect z to the w;;
and v;;.
Let B =2" + n — 1 + A. We claim that this graph contains cliques of all sizes d,
'3 <d < B. For d=B,|J/~,C,U C*is the desired clique. Now say d = B —«,
0 <a< A—1. Take the binary expansion a = X%_; 2%7* Then
Dap YV C*U L) €

J#Ea;
is a clique with d elements. (Since r > log A no y,, is a w and therefore the y,,
are all connected to C*. Completeness easily follows. As y; and C; are not connected
no other y; or C; can be added. y* cannot be added as it is not connected to C*.
z cannot be added as either y, or C, is in the set, neither of which are connected
to z.) Now say d =B — (4 —-1)—«, 0 £ a <2"—1. Again take the binary
expansion « = X%_; 2%~ Then
%5 Yaprss Yad U U €
JEa;

is a clique with d elements. Now say 3 < d < n. By the construction of the n;
we find i, n;, <d — 1 <2"+n,— 1. We find the binary expansion 2™ + n,
—~1—~(d—-1)= X;-; 2. Then

{z, Wi+ wibt}u {Uijk ij#byfor1sq= 1}

is a clique with d elements. (Here the completeness is straightforward. As d — 1
satisfies strict inequalities there is at least one w and one v in the set. If a point
could be added then, since it would be connected to z, it would be of the form
W;sj» OF Dyrjuo. As some w is in the set, any o to be added must have i = i". As
some v is in the set, any w to be added must have i = i’. If w;; is not in the set
then v, is for k = 1 and so w;; cannot be added. Similarly, no »;; can be added.)

Finally, {z,Wy+1, 1, Us+1,1,1) 15 @ 3-clique.

Let f(n) be the number of elements in this graph. We have shown that for
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N = f(n), g(N) = N — {logN} — 3. Now say that f(n) <N <2"+2""2Add
N — f(n) points to C*. These points are connected to each other and all points
except y* and z. Set A = the new |C* [, B =2"4+n—1+ A. This graph has
cliques of all sizes d, 3 < d =< B, the proof reading as before. So, for these N,
g(N) z N —{logN} - 3.

Now say

2"+ 272 S N<f(n+ 1) <f(n)+2"+ 5n.

Set ng = n + 1, adjust n; accordingly, and construct the graph as before. It will
have f;(n) points where 0 < fi(n) — f(n) < n (in fact, is very small), Add 10n
points to C*, connected to each other and all points except y* and z. Add a point
Va+1 and a set C,,, with N — f,(n) — 10n — 1 < 2* points. Extend the definitions
of edges for y, and C; to n+ 1. Set 4 = |C*|, B = | UCiUC*l. This graph
has cliques of all sizes d, 3 < d < B. Ford = B— o, 0 £ a < 4 — 1 the proof
is the same. For d = B— (A —1)—a, 0 £ o £ 2" —1 it is the same. For d = B
(A=) — |Cpyy | — 0,00 < 2"~ 1 we take

k
a= 2%t
i=1
and
{y*,yau""ynk’yn+1}u U Ci
j#a
Jj#n+1

is the clique with d elements. For 3 < d £ n +1 the proof is as before. Thus
g(N) 2 N — {logN} — 4.
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